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The motion of a point mass on a spring with friction and with the condition of absolutely elastic impact against the arresting
devices is investigated. The sufficient conditions for chaotic oscillations are derived analytically for the problem considered. The
mechanism by which such oscillations arise is described. © 2005 Elsevier Ltd. All rights reserved.

The existence of chaotic modes for different vibro-impact systems has recently been established [1,
Section 2.4; 2-13]. but in the majority of cases this has been proved numerically. An exception to this
is the investigation of the dynamics of a ball, bouncing on a vibrating table [1, Section 2.4]. The
mathematical model of this problem is a discrete dynamical system in which the instant of time
corresponding to the impact and the rate of impact are chosen as the state variables. The mapping which
specifies the dynamical system places in correspondence to this pair of variables a pair corresponding
to the next impact in time. It has been shown that for the system considered there is a so-called “Smale
horseshoe” [14-16], which ensures chaotic behaviour of the solutions. However, the application of this
approach to the problem considered involves considerable difficulties.

Below we describe a new method for the analytical investigation of the behaviour of the solutions
of systems with an impact. We choose the classical variables, namely, the coordinate of the point and
its velocity, as the phase variables. We will show that solutions corresponding as close as desired to the
initial data can have a different number of impacts in a time interval equal to the period of the system
considered. It is shown that this fact implies the presence of a Smale horseshoe.

1. FORMULATION OF THE PROBLEM

The general properties of the system. Consider the motion of a point mass along a straight line under the
action of a linear recovery force, a linear resistance of the medium and a piecewise-constant periodic
stimulating force. We will assume that the point considered impacts absolutely elastically against an
arresting device (a stop). The motion of such a point is described by the equation

1, if te[0,T,)

-1, if tel[T,T) (1)

X+2ei+x = f(t); fQt) = {
Suppose f(¢) is a periodic function of period T = Ty + T, defined in the half-interval [0, T) with the
above form. Equation (1.1) is specified when x > 0, and the condition for an absolutely elastic impact
is expressed as follows: if x(fy) = 0 while X(zy — 0) <0, then X(t; + 0) = =i(t; — 0); if x(tp) = 0,
i(ty—0) =0and kT + T; <ty < (k + 1)7, then x(¢) = %(¢) = 0 when ¢, <t < (k + 1)T. Henceforth we

will assume that € € (0, 1), T, > 377, and the quantity T is a large parameter. In addition to Eq. (1.1)
we will consider the equivalent system

i=y, y=-2ey-x+f(1) 1.2)
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We will assume that system (1.2) is specified in the region

A = {(xy)e R x>0HU{(0,y) : y20}

This system or Eq. (1.1) with the indicated impact conditions will be called system A. As follows from
results obtained earlier [17], for any #y, x,, and y,, satisfying the conditions (xy, y) € A, the solution of
system A with the initial conditions x(ty) = xo, y(to) = yo, is defined for all ¢, uniquely and continuously
by the initial data for all values of ¢ such that x(¢) = 0.

We will show that the system considered is dissipative. Consider the positive-definite quadratic form

W(x,y) = X+ y2 +2€&xy

For any solution (x(¢), y(t)) of system A the function w(f) = W(x(¢), y(¢)) is continuous, including at the
impact points. We will consider its derivative by virtue of the system

W = —2ex’ — 26y’ - 4e%xy + 2yf (1) + 2exf(t) = —2eW + 2£(£)(y +€x)

Hence it follows that an R > 0 exists such that W < 0 if W > R. Then, all the solutions of system A
fall inside the compactum

Zp = {(x,y) € R W(x,y)<2R}

and remain there over time.
The behaviour of the solutions of the system in finite time intervals is determined by the sign of its
right-hand side. Consider the equations

X+2€X+x

1 (1.3)

i+2ei+x = -1 (1.4)

with the same impact conditions. The vibro-impact systems obtained will be called system B and system
C respectively. We will conditionally further assume that all the numerical quantities denoted by the
letters ¢ and C, are positive constants. We will call the functions a(f) and b(¢), defined on the ray,
[to, +oo) equivalent (a(t) ~ b(?)), if a t; > ty exists such that ¢|a(?)| < |b(?)] < Cla(t)| for anyz21,. We
will also use the following standard notation: a(t) = o(b(?)), if a(t)/b(t) — 0, and a(t) = O(b(¥)), if
la(t)| < C|b()].

In Sections 2 and 3 we will obtain auxiliary results regarding the behaviour of the solutions of system
B and C respectively; in Section 4 we will investigate how the solutions of one system transfer into the
solutions of another at instants of time when the right-hand side changes sign; in section 5 we will
construct a set containing all the non-stray points of the Poincaré mapping of system 4 and, finally, in
the last section we will investigate the structure of the set of non-stray points and we will show that this
set contains a Smale horseshoe.

2. THE BEHAVIOUR OF SOLUTIONS IN SECTIONS IN WHICH f(¢t) = 1

The solutions of system B in the intervals between impacts had the form
x(1) = 1+ (A-1)exp(—£(t—ty))cos(v(t—1y)) +
+ Bexp(-g(t- to)).sirlj(y(_t‘T 1)) @.1)
v =Jl-8 A=x(t). B= (yty+0)+ex(ty)lv

It can be seen that the equilibrium position x = 1 of system B is asymptotically stable, while all the
remaining solutions of the system converge to this equilibrium position as ¢ — +eo. This is clear for
the solutions of Eq. (13), while for system B it follows from the fact that when there is an impact the
distance from the point (0, y,) to the point O = (1, 0) does not change when y, is replaced by —y,. Since
system B is autonomous, we can speak of its trajectories.

We will denote by T those of them which pass through the point O — the origin of coordinates. Suppose
P = (0,y,) is the point of last transversal intersection of I" with the Oy axis and Dy is a closed set, bounded
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by the arc OP of the curve I' and the section of the Oy axis. We extend I in the direction of decreasing
time to the next intersection with the x = 0 axis at the point E = (0, y;). We take a point M = (0, -;)
symmetrical to P with respect to the origin of coordinates, and we define D as the closed region bounded
by the arc ME of the curve I and the corresponding section of the Oy axis. It is clear that Dy C D. All
the solutions beginning inside the region IntDg, have no impacts as time increases. The solutions which
begin in the region Int(D\Dy) have exactly one case of impact, after which they fall in the region IntD;
(see Fig. 1, where the constructions indicated above are given for € = 0.1).

Suppose x(z, xg, yo) is a solution of the Cauchy problem for system B with initial data (0, xg, y;). We
define the mapping

Fi(xg, yg) = (x(Ty, xq, Yo), X(T + 0, xq, ¥o))

If the value of T\ is fairly high, the restriction Fy|p of the mapping F| to the set D is continuous and
F(D) C D. Since the solutions of system B with initial data from D, have no impacts as the time
increases, for any point z; , € Dy, the following limit holds

dist(F,(z), F,(2,)) < Cexp (€T )dist(zo, 7,)

3. THE BEHAVIOUR OF THE SOLUTIONS IN SECTIONS IN
WHICH f(¢) = ~1

System C also has exactly one fixed point, namely, the origin of coordinates, but the phase portrait of
this system differs from the focus. In Fig. 2(a) we show part of the trajectory of system C, corresponding
to € = 0.2 and the initial conditions x(0) = 0.8 and %(0) = 0.

Lemma 1. System C has a unique equilibrium position — the point O, the origin of coordinates. Any
solution of system C approaches zero with time.

Proof. Consider the function
V= x2+2x+y2+2£xy

It is positive definite in the Set A. Note that for any solution (x(f), y(¢)) of system C the function v(f) =
Vix(t), y(f)) is continuous in ¢, including at impact points. We will calculate its derivative according to the system
considered

D= - Zey2 —2ex—2ex’ - 2£2xy

Hence —2gv < 0 < —v. Hence, v(t) = O(exp(-€t)) and exp(-2ef) = O(v(¥)), if x(r) = 0.

We define F, as the Poincaré mapping for system C during the time 7,. We will trace how the distance
between the points changes under the mapping F,. We fix a certain non-zero solution z(¢) of system C,
beginning at ¢ = 0 in a small neighbourhood of the point O; = (1, 0). Note that, by virtue of Lemma
1, the solution z(¢) in any finite time interval has a finite number of impacts. Suppose #;, k € N are the
instants of the impacts and y, = y(# + 0).



16 : S. G. Kryzhevich and V. A. Pliss

(2) (b)
y A{ I
0.5 &\ B
\ \
X
/ L
_05’/’/ : B
0] / )
0 0.1 02 x4

Fig.2

The following result gives an asymptotic estimate of the rate at which the solution of system C
approaches zero with time.

Lemma 2. For any neighbourhood B C D of the point O; and any z(0) € B
Yy = exp(-e(f; = 1;)(2/3 + o(1))) (3.1
where the quantity o(1) approaches zero uniformly with respect to z(0) as k — co.
Proof. Consider the function
Ulxy) = (x+ 1) 4y +2ey(x+ 1)

The derivative of the function U is equal to —2eU by virtue of Eq. (1.4). Fixing the solution z(f) = (x(¢), y(¢)) of
system A, we consider the function u(f) = U(x(r), y(t)). Then if f; and # , | are neighbouring instants of impact,
we have

u(tk+!~0) = o u(t,+0), o, = exp(—25(;k+l—tk)) : (32)
At the same time

x(t) = x(te ) =0, (B +0) =y (i) +0) = <y yy
Hence, Eq. (3.2) can be rewritten in the form
2
Yeor~28¥p, ¥ 1 = O, (yi + 28y, + 1) (3.3)

‘We will introduce the following notation

. et
& = V= Yewrr M=l ~tp X = j x(r)dt

1y

The following estimates hold
1-0, = 2eA, - 26°A2 + 46°A213 = O(A}) (3.4)

tewt
Veer +Ve = [ (1+2ex(0) + x(0)dt = A, + X, (3.3)
2

We will estimate the last term in formula (3.5)

tk+l t s
X, = [ af ds[yk+ (-1 ~ax(1)—x(t))dt] = y,AL/2 - AM6 + O(A}) (3.6)

oL L
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On the other hand, we can similarly obtain that
Xp = Yyu BI2 - D316+ O(87) 3.7)
Taking the half-time of Eqs (3.6) and (3.7) and substituting it into Eq. (3.5), we obtain
Yewt1 ¥V = B+ ALY+ Vs 14~ A/6 + O(By)
whence we finally have
Vi1 Vi = D+ A12+0(8)) (3.8)

Subtracting Eq. (3.7) from Eq. (3.6), we conclude that

5, = O(A) (3.9)
Moreover
20 = Vet Yis1 + 8 = 8+ A+ A12 4 O(A) | (3.10)
It follows from Eq. (3.3) that
Ye=Yier = (1= (1 + 28y, + y0) = 26(Vpy 1 + %) (3.11)

Substituting expressions (3.4), (3.8) and (3.10) into Eq. (3.11) and changing the sign, we obtain, taking relation
(3.9) into account,

8,4, = (26A, - 267 AL + 48’ A}13) (1 + (8, + A) + AM4) -
—2e(A, + A)/12) + O(Ay) = 26°A,8, — 26°A)/3 + £A/3 + O(A})
Transferring 26%A5, to the left-hand side and cancelling against Ay(1 - 2¢%), we obtain that
8, = EAL/3+0(A}) (3.12)

if e # 1IN2. Fore = 12 relation (3.12) is obtained by taking the limit. Note thaty, = Ay/2 + O(A,%).
The equivalent form of Eq. (3.12)

Yeer = Yi=8 = y(1-26A/3 + O(AD)
can be written in the form
Iny,,,-Iny, = —2eA/3+E,, &, = O(AD) (3.13)
Summing Eqs (3.13) we obtain
Iny,~Iny, = -2e(t,~t)3+& +&+...+§,_,
For arbitrary ¢ > 0 we choose a constant C(c) such that the following limit is satisfied
Ei 46+ ...+, SC(O)+ (A +Ay+ ... +A,_|) = C(C)+0(t,— )
Then

Iny,-Iny, 2

t,— ¢ 3

€ s—-—-—C(G) +0

L=

This also indicates that Eq. (3.1) holds.

We will investigate how the curve I divides parts of the trajectories of system C into intervals between
impacts.

Suppose L is an arc of the trajectory of system C passing in the neighbourhood of the origin of
coordinates and corresponding to the interval between two successive impacts. We will denote by
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A* = (0,y%) the pomts of intersection of the arc L with the Oy axis, such thaty} > 0 > y3. As follows
from Lemma 1,y — 0 as T, 2> +eo andyy = >4 (1 + 0(1)). In the neighbourhood of the origin of
coordmates the curve T is glven by the equation x = y(y), while the arc L is glven by the equation

= (). In this cases yand [ are in fact C!-smooth functions, defined in the section [v2,y%] and satisfying
the following conditions

Y(0) = I(yp) = l(yy) = Y(0) = I[(0) = 0, Y(y,ia)>0 [(0)>0

and finally y'(y) > 0, while I"(y) < 0 for anyy € [y, y4] This means that if the quantnty T is sufﬁc1ent1y
large, the arc L and the curve T intersect at exactly two points B” = (xz,y3) and B* = (x§, y3), where

x5>0, yy<yz<0<yp<yi
(see Fig. 2b, where we show the mutual position of the curve I' and the arc L).
Lemma 3. £ X = (h, 0) is the point of intersection of the arc L with the Ox axis, then

limyy/y, = limyp/yz = —1; limy,/yz = 42 as h—0 (3.14)

Proof. The solution of system B with initial conditions
x(0) = y(0) =0
in the neighbourhood of the origin of coordinates can be represented in the form
y = t+0(Y), x=1£12+0(@)

Consequently, in the neighbourhood of the origin of coordinates y(y) = y*/2 + O(y*). The solution of system C
with initial conditions

x(0) =h, y(0).=0
can be written as follows:
y=—t+0(). x=h-~12+00)
whence it follows that
1) = h=y"12+0(")
The quantities y§ are the roots of the function L, and consequently
yi = + 2k +o(Jh)
while the quantities y are the solutions of the equation /(y) = y(y). Hence
Y52 = h-yii2+ 0(y")
Then yg = +V7, which proves that formulae (3.14) hold.

We will investigate how the distance between the solutions of system C vary with time. Suppose
z(t) = (x2), y1(t)) (i = 1, 2) are the solutions of system C. Suppose L; are the trajectories of the points
pi = zi(ty), L; are the closures of L;, while L] are the corresponding positive half—tra]ectorles Clearly

dist(z;(), L3-;) ~ dist(z;(to), L3 ) exp(-e(t~ 1)), i = 1,2 (3.15)

i.e. the trajectories of any two points approach each other exponentially as ¢ increases. Suppose
L, =L, =L and p is the arc of the trajectory L, connecting the points p; ad p, (possibly disconnected).
We will call the curvilinear integral

d'(py, py) = [ds, (3.16)
p
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the distance between the points p; and p, along the trajectory L, i.e. the length of the arc p. If L, # L,
we will call the quantity
d*(py, p) = min(dist(p,, L), dist(py, L1))

the distance between the points p; and p, in a perpendicular direction. For each of the points p; we will
consider y; — the section of the normal at the point p; to the trajectory L;. We will determine the distance
between the points p; and p, along the trajectory from the formula

d'(py, py) = min(dy(py, p2), d5(py, Py))

1 . T .
di(ply Pz) = min d (p[’ q3—i)’ 1= 1’2
g€ Liny;_;

Note that since the points p; and g; lie on one trajectory, the distances d (p,, %) are found from formula
(3.16).

Lemma 4. For any two solutions z;(¢) and z,(¢) of system C, such that zi(ty) = p; € D (i = 1, 2), we
have the relations

a0 ) | ay 0 [|dtpn )

d"(z,(2), 2,(1)) an a2 {1d"(p,, p,)
a; = a;(t,py, py) ~exp(~€(t=1y)), i=1,2

ay = ay(t, py, p2) = exp(=€(1—1y))(1/3 +o(1))

Proof 1. Suppose L; = L,. We will assume that p=z tg + 8, py) for certam & > 0. We will denote by tk and 1
the corresponding successive instants of impacts, #;, = y,(t; — 0). Then g=t+3foranyke N.Ift ¢ [t}, ) for
any k € N, we have

cexp(—€(t—ty))dist(p,, p,) S dist(z,(1), 2,(t)) < Cexp(-£(t - 1y))dist(p,, p,) -

andifre [t/i, tlzc), then
dist(z,(2), 2,(£)) ~ ¥y,

as long as min; _ | 5(t} 4 1 — £4) > 8. Moreover, for any ¢

d"(z,(1), (1) ~ d' (P, py)exp(-€(t = 1,)) | (3.17)

2. Suppose L, # L,. Let p; be points on the trajectories L;, and let z(#) = (x(), y(¢)) be solutions of system C
with initial conditions z;(0) = p,(z = 1 2). We will assume that d3(py, p,) = 0. We will say that the half-trajectory
LT is external with respect to L7 if y} = y;(#1) > y(£2) = 2. Without loss of generality we will assume that the half-
trajectory L1 is external. In intervals where both solutions x;(¢) and x,(¢) do not have impact points,

dist(z, (1), 25(#)) ~ dist(z, (£, 2,(tg)) exp(-€(t - t5))

Consider tj- and tj-H as neighbouring instants of impacts for the solution x;(¢). Suppose

Vo=t +0); i=1,2, k=jj+l
We put

L1 2 12
min(¢;, £), T, = max(s;, q, 1;,)

g
In the section [1, 1,] the distance d(z1(2), zo(t)) varies by

p; = 2d%Iy;(1+0o(1)) (3.18)
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where the time intervals between neighbouring impacts and also the lengths of the arcs between impact points are
less for the internal trajectory. The solution z,(¢), going along the internal trajectory, into the section [1y, T,] overtakes
the solution z,(¢), going along the external trajectory, i.e.

¥2(Ty) =¥ (T3) > y,(T)) = ¥, (%))

We will estimate how the distance d”(z,(f), z,(t)) varies in the section T,. We fix © < T, and consider the time
interval I = [@® - 1, ©]. We introduce the function

A(r) =.exp(et/3)
By virtue of Lemma 2 the rates y} of impacts of the solution x(¢) satisfy the relation
Yi = M=20(1 +o(1))) (3.19)

which is a consequence of relation (3.1), if we put #; = 0 in the latter. At the same time, as was shown above, the
length of the section of free motion can be represented in the form

fear =1t = 2941+ 0(1))

It follows from the last formula and relation (3.19) that the number of impacts corresponding to the solution x;(¢)
in the section I can be estimated from the formula

N(©) = A(20(1 +0(1)))

From this formula, taking expression (3.18) into account, we obtain

Y p; = M40 +o()Nd (2, (1)), 15(t) = MO +0(1)))d" (P, py)
te(©-1,0]

Suppose O, is the least integer strictly greater than 7). Then

2
T o< T pi= AR +o()) (P py) = MT(1+0(1)))d (py, py)
;€ [0,T,] 1;€ [0, 0] k=1
On the other hand,
Y ez Y p; = MTy(1+o(1)d (py, py)
t;€ [0, Ty} ,€10,8,-1)
Consequently ,
S p; = MT,(1+o(1)d (py, py) (3.20)

e [0, T,)

The assertion of Lemma 4 follows from formulae (3.15), (3.17) and (3.20).

4. SWITCHING INSTANTS

At the instant of time ¢ = T) the right-hand side of system A changes sign from plus to minus. At the
same time, as was shown above, diamF(Dy) ~ exp(-eT}). We will denote by G,(x, y) the vector field
generated by system B, and we will denote by G»(x, y) the vector field generated by system C. For the
latter system the point O; will not be a singular point. It can be seen that G,(0;)]| Ox.

We will put

F(z) = Fy(F(2)), ze A

The mapping is a bisection, continuous at all points of the set D, apart from the inverse image of the
straight line x = 0, and differentiable at all points of continuity, apart from the arc of the curve I" serving
the boundaries of the sets D and Dy. This follows from the fact that any non-zero solution of system C
as well as any solution of system B, the initial data of which does not lie on I', corresponds to the case
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when the impacts occur only with non-zero velocity. Hence, the locally mapping F can be represented
in the form of the composition of a finite number of smooth Poincaré mappings: from the initial point
to the first impact, from the first impact to the second, ... , and from the penultimate impact to the last
and, finally, from the last impact to the image of the initial point. By virtue of Lemmas 1 and 2 for any
{ > 0 we obtain a number T} such that if 7} > T}, then

F(D)C Q = {(x,): exp(=(43 + {)eT,) < V(x,y) < exp(~(4/3-L)eT)}c D (4.1)

It can be seen that for sufficiently large T’ all the non-stray points of the mapping F are points of
the set Q. Then,

B= max L Gyx,y), Ox = O(exp(-¢T))) (4.2)
(x,y)e F\(Q)

Here and henceforth < is the angle between two smooth directed curves which vary in the section
[0, m].

For system B, on the other hand, O, is a singular point of the focus type, and the directions of the
corresponding vector field at points of any neighbourhood of the point O; can be arbitrary. Tangents
to the trajectories of the system will be parallel to the Ox axis at points of the Oy axis and only at these
points. We will fix y € (0, n/2). Consider two sectors

Sy = {(xy):lx=1>ctgylyl}, S, = {(xy):]|x-1]<ctgylyl} (4.3)

(see Fig. 3, where the sectors S; and S, are constructed for a value of y = arctg0.25, and we also show
trajectories of systems B and C corresponding to & = 0.1).
Quantities o (y) and oi(Y) exist such that o;(y) = v + o(y) and

LG (xy), Oxsay(y), if (xnyes,
LGi(xy), Ox2ap(y), i (xnyes, 49
It follows from formulae (4.2) and (4.4) that
{ Gl(x’ }’), Gz(x, }’)S%(Y)"’ﬁ» lf (x’ y)E Sl
LGi(x,y) Gx )21 ~B, if  (xy)eSs,
Suppose p; and p; are points of the set Q Suppose Yis the angle between the trajectories of systems
B and C at the point p;, measured in 2 positive direction, d] is the distance between the points p; and

p»along the tra]ectorles of system B, d3 is the distance between the points p1 and p, along the trajectories
of system C, and dl , are the corresponding distances in the perpendicular directions. Then

= (d]cosy +disiny)(1+0(1)), dy = |-dlsiny+dtcosy|(1+o(1))

where we mean by o(1) quantities which approach zero as p, — p;.
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As regards the behaviour of the trajectories at the instants of time when the right-hand side f of
Eq. (1.1) changes sign from minus to plus, it can be seen that

L Gy(x%,7), Gy(x, y) =Tt = o(exp(=2eT,/3 + LeT,))

for any point (x,y) € Q.

5. LOCALIZATION OF THE ATTRACTION

In this section we contract the set ( in such a way that the new set, as previously, contains all the non-
stray points F. Since, as was shown above, all the solutions of system A, as time passes, fall in the region
D and F(D) C Q, all the non-stray points of the mapping F belong to Q. Note that if T, is sufficiently
large, then Q C D and, consequently, F(Q) C Q. The sets @, = F¥(Q) form a sequence of imbedded
compacta 0 D Q; D (O, D .... We will put

Q.=0eNQG NQO,...

The set of non-stray points of the mapping F is then contained in Q...
“Suppose the following inequality is satisfied for a certain p > 3

T,/T,>u 5.1
We will assume T is so lerge that, in the definition of the set Q (formula (4.1)), we can put
{ < min(1/100, (- 3)/100)

We will denote by o the minimum angle between the trajectories of system B and C in the set F;(D)
(note that it depends exclusively on T} and €). By virtue of Lemma 4 the overall length S(F(Q)) of the
projections of the components of connectedness of the set F(Q) onto the Oy axis is the quantity

sina.exp(eT,(1/3 + o(1)) — €T )diamQ 5.2)

We fix a certain number M > 10. If T is fairly large, we can estimate a lower bound of the quanutgr
(5:2) by the express1on MsinadiamQ. For M we obtain values of v, and T such that if T, >
F,(Q) C §; and in the definition of the sector S, (formula (4.3)) ¥ > 1y, then M sinoe > 10. Then

S(F(Q)) > 10diamQ (5.3)

and the number of connectedness components of the set F(Q) themselves is less than 10. Note that the
greater the value of TY that is chosen the smaller we can take the quantity y,, so that estimate (5.3)
remains true.

We will now investigate for what condition F;(Q) C S,. We will introduce p and ¢ — polar coordinates
in the plane with centre at the point (1.0). It follows from formulae (2.1) that the time interval between
successive intersections of the Oy axis by the solution of Eq. (1.3) is equal to n/v. Moreover, for any
such solution ¢ ~ 1. For points of the set Q the following relation holds

¢ -3n/2 = O(exp(-4(1 +{)eT,/3))

The time of the last intersection in the interval [0, T;] of the sector S; by the solutions of system B and
the initial data from (x(0), y(0)) = (xo, yo) € Q has an upper limit estimate of 6, = Cy,. It follows from
the above that if the quantity T} is sufficiently large and in this case

T ¢ U[ 2k _ s, 2Tk +oo} (549
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condition (5.3) holds (we recall that v = V1 — ¢?).

We will estimate the values of the function V in the set F(Q). The diameter Q is estimated to have
an upper limit of 2exp(~2/3 + {/2)eT,). Then the diameter F1(Q) is estimated to be Ciexp(-2/3 +
£/2)eT, — €Ty). We put
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8 = Ciexp((-53+0)eT,-€Ty), X = Ciexp((- 1/3 +{)eT, - €T)) (5.5)

Tt follows from the above that the constant C; can be chosen in such a way that we obtain a point
g € F1(Q) and a section I, of the trajectory L, of system C such that the length I, is not greater than )
and the whole set F(Q) lies in the 8-neighbourhood of the section /,. At point of /, the values of the
function V may differ by a factor of no more than exp(2ey), which follows from Lemma 1. The value
of the function ¥ at each point of the set F(Q) differs from the value at the closest point of the set [,
by no more than 28.

Thus, for any two points p; , € F(Q) the following limit holds

V(p,) < V(py)exp(2gy) + 45 : (5.6)

On the other hand, F(Q) C Q, and for any point of the set Q the corresponding value of V' lies in the
range

1, = [exp(—(4/3 + {)eT,), exp(—(4/3 - 0)eT,)]

Hence, from formula (5.6) we can also obtain that if the value of T7 is fairly large, we obtain a number
V, € I, and a Cy > 0 such that

Vo< V(p) < Vo + Crexp((~ 573 +30)eTy) = V, G.7)

for any point p € F(Q). We recall that by increasing 7; we can make the parameter { > 0 as small as
desired. :

6. THE NON-TRIVIAL HYPERBOLIC SET OF NON-STRAY POINTS

If the parameter T} is sufficiently large, the T" curve intersects the curve given by the condition V(x, y) =
V, at two point Z* = (x*,y") and Z~ = (x,y"), wherey” < 0 <y". We will define H C A as the set of
points p = (x, y) which satisfy condition (5.7) and such that y~ < 0 <y*. Clearly F(H) C Q, and the
mapping F|H is smooth in the neighbourhood of any point of continuity. In this case, in the whole set
Q the mapping F is expanding along the trajectories and contracting in a certain transverse direction.
Hence, F|H is a local diffeomorfism in the neighbourhood of points of continuity. We will denote by
9% sections of the boundary of the set H, specified by the conditions '

y=y, VosV(xy,V,

Suppose p € F(H) N H. We will denote by z,(¢) the corresponding solution of system 4. We substitute
into the corresponding point p the number n(p) of impacts corresponding to the solution z, in the interval
[T, 0]. Suppose N is the minimum value of n(p) in the set F (H) N H, and N, is the maximum value.
We put N = N, - N; + 1 and for anyj = 1, ... , n consider the sets

H; = {pe F(H)nH:n(p)=j+N,-1}
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Note that all the sets H; are compact and that
FHYNH=Hn..NnHy
(see Fig. 4, where we show the Smale horseshoe for system A for N = 6).

Lemma 5. Suppose 1 is the curve representing the image of the continuous mapping % : [0, 1] — H,
such that #(0) € 9, h(1) € 9". Then the set F(n) intersects the set H;foranyje {2,..., N-1}, and
foranyj e {3,...,N~2} the intersection of the sets F(n) and H; contains the curve n;, which possesses
the same properties as 1.

Proof. For any point p € H there is a point g € 1 such that
dist(p, g) < Coexp((— 5/3 + 30)eT,)

Then the distance from an arbitrary point F(H) to the nearest point of the set F(1) can be estimated to have
an upper limit of

exp((—4/3 + 40)eT, —€T|) = o([Vy)

At the same time the quantity VV; sets a lower limit on the length of the projection of any of the sets H; onto
the Oy axis. It follows that the distance along the trajectories of system C from an arbitrary point of the set F(H)
to the nearest point of F(n) is not greater than half the length of the projection of H,. This also indicates that the
assertion proved is correct.

We will show that the number N increases without limit as 7 increases. We will conditionally assume
that the curve 1’ given by the conditions V(x, y) = Vg and y € [y, y*], is directed along decreasing
values of the variable y. Suppose / is the len%th of this curve. As follows from the above, the sum of the
lengths of the components of the curve F(n") is equal to

sinaexp(eT,(1 +0(1))/3-eT )

At each point the direction of the curve F(n°) is close to the direction of the vector field of system C,
whence it follows that the length of each component of connectedness of F (n°) is estimated to have an
upper limit of CI. This means that the number N of connectedness components increases without limit.
It follows from the assertion of Lemma 3 that N 2 102 > 6, if limit (5.3) holds.

Lemma 6. If the value of the parameter T is sufficiently large, then for any m € N and any set of
numbers a = (ay, ..., 4,), such that 3<q; <N -2 foranyj =0, ... , m, the set

—1 -
H,=H, "F (H)N..nF"(H,)

is non-empty.

Proof. We fix the subscript a. It follows from Lemma 5 that the image of the curve of n’ considered above contains
the curve 1, € H,, connecting 3* and 0”. Applying Lemma 5 to the curve of ,,, we obtain that the curve 1,y C
F(n,,) N H,, exists. In the final analysis we obtain the curve 0, C H(a,,) N ... N F"(H,). Then the assertion
of the lemma follows from the fact that F™"™n,, . < H,.

We put
K = r“ﬁ F'(H)

n=-co

Obviously the set K is invariant under the mapping F, compact and non-empty, like the intersection of
the imbedded compacta (the intersections of a finite number of iterations of the compactum H).
Moreover, K C F7'(H), and consequently the set K is not intersected by the inverse image of the Oy
axis. Hence, we obtain a neighbourhood Q of the set K such that F|, is a diffeomorfism.

To each point p € K here corresponds the unique sequence

a(p)={---ya._29a_]7a0’a|,a2,.--}, a”={2,...,N—'l}, HGZ
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such that F'(p) € H, for anyn e Z. It follows from Lemma 6 that for any sequence a one can choose
a corresponding point p. Note that, by virtue to the fact that the diffeomorfism F is hyperbolic in the
neighbourhood of the set K the point p € K is uniquely defined by the sequence a(p). If N > 6, the set
of possible values of a;.is not less than 2, and the set K has a power continuum. A shift of the sequence
a(p) by unity to the left corresponds to the mapping F. Hence, the mapping F|K possesses the same
properties as the famous Smale horseshoe, namely: o

(1) the mapping F|K has an infinite number of periodic points;

(2) the periodic points F are always dense in K;

(3) apoint p € K exists, the orbit of which {F"(p) : n € Z} is everywhere dense in K.

Thus, the following assertion holds.

Theorem. For any e € (0, 1), 69 > 0 and i > 3 a T > 0 exists such that if 7; > 7, conditions (5.1)
and (5.5) hold, and then the mapping F has a hyperbolic invariant set K with properties 1-3. :

Hence, we have shown that system 4 has a compact hyperbolic invariant set containing an infinite’
number of periodic solutions and an everywhere dense trajectory. Such sets are often called chaotic
sets. It can be seen that the set Q.. introduced above is an attractor. The chaotic set is, of course,
contained in this attractor. These attractors are often called strange attractors. Thus, we have shown
that the vibro-impact system A has a strange attractor.

In Fig. 5 the set of values of the parameters T and T, corresponding to chaotic oscillations is shown
hatched.

We wish to dedicate this paper to the 80th birthday of Academician N. N. Krasovskii.
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